Abstract-This paper presents an iterative Jacobianbased inverse kinematics method for a magnetic resonance imaging (MRI) guided magnetically actuated steerable intravascular catheter system. The catheter is directly actuated by magnetic torques generated on a set of currentcarrying microcoils embedded on the catheter tip by the magnetic field of the MRI scanner. The Jacobian matrix relating changes of the currents through the coils to changes of the tip position is derived using a three-dimensional kinematic model of the catheter deflection. The inverse kinematics is numerically computed by iteratively applying the inverse of the Jacobian matrix. The damped least square method is implemented to avoid numerical instability issues that exist during the computation of the inverse of the Jacobian matrix. The performance of the proposed inverse kinematics approach is validated using a prototype of the robotic catheter by comparing the actual trajectories of the catheter tip obtained via open-loop control with the desired trajectories. The results of reproducibility and accuracy evaluations demonstrate that the proposed Jacobianbased inverse kinematics method can be used to actuate the catheter in an open loop to successfully perform complex Manuscript received October 23, 2016; revised March 1, 2017 and April 27, 2017; accepted May 11, 2017 
I. INTRODUCTION
C ATHETER ablation [see Fig. 1(a) ] is a widely performed minimally invasive procedure for treatment of atrial fibrillation [1] , [2] . Over the past decade, robotic catheters have emerged as a promising technology for catheter ablation. A physician can remotely steer the catheter while seated comfortably in the control room and be safely protected from radiation. The catheter is guided by the physician to the left atrium via passing through the femoral vein, the right atrium, and the atrial septal wall [see Fig. 1(a) ]. In the left atrium, the tip is steered to reach the desired area, such as ostia of pulmonary veins [see Fig. 1(a) ], and radio frequency energy is applied to form barriers to prevent the spread of irregular electrical signals.
So far, two robotic catheter systems received U.S. Food and Drug Administration (FDA) clearances, the Niobe ES magnetic navigation system [4] (Stereotaxis, St. Louis, MO, USA) for the atrial fibrillation ablation, and the Magellan robotic system [5] (Hansen Medical, Mountain View, CA, USA) for the advanced endovascular procedures. The advantages of using robotic catheters include less physical demand on physicians, lower radiation exposure, greater catheter stability, higher reproducibility, better catheter control, and improved procedural predictability and safety in ablation treatments [6] .
Magnetic resonance imaging (MRI) is a promising imaging method for cardiac ablation procedures due to its superior softtissue visualization with no radiation exposure [7] , [8] . MRI has been used both preprocedurally to gather detailed anatomical information of the left atrium and related areas, and postprocedurally to detect complications and to visualize lesions [9] . Real-time catheter guidance and lesion visualization using MRI has also been demonstrated [7] - [9] . Additionally, the MRI scanner can directly provide actuation torques to robotic catheters. Muller et al. reviewed different remote control catheter [3] . (b) Illustration of a proof-of-concept catheter prototype in a magnetic field, including a set of embedded current-carrying coils [3] .
navigation approaches under MRI [10] . Designs of magnetically actuated catheters were proposed in [11] - [18] . The catheter is embedded with a set of current-carrying coils [11] , [13] , [14] , or a set of beads made of ferromagnetic materials [15] , or a set of magnets [16] - [18] . In [11] and [13] , the catheter is remotely steered by passing currents through the coils that generate magnetic torques in the magnetic field of MRI scanner. In [15] and [16] , the catheter is deflected by changing the gradients of the MRI scanner that generate magnetic forces on the ferromagnetic components.
This paper proposes a Jacobian-based inverse kinematics method to control the deflection of a catheter, which is embedded with a set of electromagnetic coils on its tip. The catheter is directly actuated by the magnetic torques generated by the magnetic field of the MRI scanner on these coils [see Fig. 1(b) ], by controlling the amount of current going through the coils. In such a scenario, the catheter system is not subject to the mechanical transmission problems that exist in other actuation methods (such as tendon-driven [5] and hydraulic [19] actuation), which place the actuators outside the patient body. This magnetic actuation method reduces backlash and friction in the system. As accurate control of the catheter tip position is a critical performance requirement for ablation procedures [2] , [20] , the proposed catheter system will help the physicians by facilitating them to easily control the catheter motions and to precisely move the catheter tip to the desired targets on the atrial wall [2] , [20] .
For the proposed catheter system, the Jacobian matrix, which relates changes of the currents through the coils (system input) to changes of the tip position (system output), is derived from a three-dimensional (3-D) model proposed in [3] and [21] . The inverse kinematics method is implemented using the damped least squares method [22] - [24] , which avoids stability problems in the neighborhood of singularities that exist in the Jacobian matrix. The performance of the proposed inverse kinematics approach is validated using a prototype of the robotic catheter by comparing the actual trajectories of the catheter tip obtained via open-loop control with the desired trajectories. A camerabased vision system is used to track the catheter deflections in the experiments.
Related studies in the literature regarding control of the robotic catheters are discussed in Section II. A review of the kinematic model of the catheter and the derivation of the Jacobian are presented in Section III. The inverse kinematics method is described in Section IV. The experimental setup and procedures are described in Section V. The experimental results are presented in Section VI, followed by the discussions and conclusions in Sections VII and VIII, respectively.
II. RELATED STUDIES
Robotic catheters are redundant continuum robots with infinite degrees-of-freedom (DoF) [25] . The computation of their inverse kinematics, which maps from task space to configuration space, is challenging due to the highly nonlinear nature of this mapping. The state-of-the-art methods for the solution of continuum robot inverse kinematics can be broadly categorized into geometric and differential kinematic (Jacobianbased) approaches, as discussed in the recent survey articles [25] and [26] .
Neppalli et al. [27] proposed a geometric approach for solving the inverse kinematics of a single-section trunk under the assumption of constant curvature, and then extended this method to multiple sections by assuming knowledge of end-point locations on these sections and compensating orientations of these sections. This approach assumed that gravity loading had no deformation effects on the sections and did not account for physical actuation limits.
The Jacobian-based approach is a common method for solving inverse kinematics of redundant robotic manipulators. Siciliano [28] published a tutorial introducing several online instantaneous control methods for kinematic control. The Jacobian of the manipulator plays an important role in these methods. Although this tutorial mainly focuses on rigid-link robots, the methods are also applicable to continuum robots.
Gravagne et al. [29] proposed a large-deflection dynamics model for planar continuum robots and developed a PDplus-coupling set point control strategy. Then later, Jones and Walker [30] proposed a Jacobian-based method to control pneumatically actuated (or tendon-driven) multisection continuum robots. The method relates Cartesian coordinates of the manipulator to actuator inputs via robot shape coordinates. In [31] , they extended the method to take into account actuator length limits and cable tangling/untangling effects for practical and effective control of continuum robots, especially for tendon-driven robots.
Camarillo et al. [32] , [33] developed a linear beam configuration model for tendon-driven catheter robots. This model transforms beam configurations to tendon displacements and also relates tendon displacements to tendon forces. In order to control the catheter in configuration and task spaces, while avoiding tendon slack issues, the authors optimized the actuation loads by considering the tendon slack constraints together with the kinematics and the Jacobian. Yip and Camarillo [34] proposed a model-less feedback position control scheme for catheter manipulation in constrained environments. In this method, the controller continually updates an estimated Jacobian, which relates incremental actuation to end effector displacements, using endeffector position measurements. Recently, they extended the method to the model-less hybrid position/force control using end-effector position and force measurements [35] , [36] .
In [11] , [13] , and [14] , deflections of a magnetic microcatheter were modeled using beam theory. The whole catheter was modeled as a cantilever beam, such that the magnetic torque generated on the solenoid is equal to the torque of the whole beam attempting to return to the initial state. This approach works for a catheter prototype with one three-axis coil rather than multiple three-axis coils. Tunay developed a closed-loop position control system of a magnetically actuated catheter embedding a permanent magnet near the distal tip [37] , used in the Stereotaxis system [4] . The inverse of the Jacobian matrix of output and the decoupled and linear error dynamics were used to compute the necessary control effort.
Simaan et al. [38] developed a Jacobian for a multibackbone continuum robot and Bajo et al. [39] employed the Jacobian to implement configuration-space and task-space controls of continuum robots using both extrinsic and intrinsic sensory information.
Concentric-tube robots, comprised of multiple precurved elastic tubes, are another interesting research topic in continuum robots. In these systems, the robot tip is moved by rotations and insertions of these precurved tubes with respect to each other. Dupont et al. [40] achieved real-time control of a concentric-tube robot by precomputing approximations of the forward kinematics with torsion and employing the Jacobianinverse approach with Newton's root-finding method. Webster et al. [41] developed a Jacobian-based visual servo controller for locating the tip of the concentric-tube continuum robot. Later, Rucker and Webster [42] adopted a generalized damped least square approach with Jacobian and compliance matrices for modeling externally loaded continuum robots. In order to achieve the practical use of the concentric robots in real-time, Xu et al. [43] developed an efficient modified Jacobian approach based on the kinematics proposed by Dupont et al. [40] for position control. Boushaki et al. [44] used approximate Jacobian for task-space position control of a concentric-tube robot with inaccurate kinematics.
Most of the previous literature on kinematics and control of continuum robots primarily focused on tendon-driven continuum robots and concentric-tube robots, where the actuation is located on the proximal end. In this paper, we present Jacobian-based inverse kinematics of an MRI-actuated steerable catheter and validate the proposed method using openloop control in hardware experiments. This study paves the way for effective and accurate closed-loop control of the robotic catheter with real-time feedback from MRI guidance for the treatment of atrial fibrillation in subsequent research. Although outside the scope of this paper, the presented Jacobian-based scheme can also be used as part of a doctor-in-the-loop teleoperation control paradigm for controlling the catheter (e.g., [5] , [45] , [46] ).
III. DIFFERENTIAL KINEMATICS

A. Catheter Actuation
In the proposed scheme, the catheter is embedded with one or multiple coil sets along the body. Each coil set includes one axial coil and two orthogonal coils [see Fig. 1(b) ]. In a magnetic field, magnetic torques can be generated on these coils Diagram of a catheter with one set of current-carrying coils, which is divided into N finite segments [3] . The coil is located at the tip.
by passing through currents. This allows the control of the catheter's 3-D deflection by controlling the currents. The direction and amplitude of the magnetic torque is determined by the cross product of the magnetic moment from each coil and the magnetic field. The workspace of the proposed catheter with multiple coil sets is analyzed for optimization of the catheter design by Liu et al. [47] .
B. Review of Forward Kinematics
In [3] and [21] , a method combining a finite differences approach with beam theory and rotation groups is developed to model the proposed MRI-actuated catheter's 3-D deflection motion, including bending and torsion. There are some earlier studies where Cosserat rod theory is applied to model continuum robots (e.g., [17] , [48] ). The main advantage of the employed formulation [3] , [21] is that it is easy to incorporate external forces and torques on the tip or along the catheter body, which is essential for calculating deflections under multicoil actuation. In this paper, a Jacobian-based inverse kinematics method for control of the steerable catheter based on the proposed model [3] , [21] is developed.
In the kinematic model presented in [3] and [21] , the catheter is approximated to be composed of a set of finite segments 1 (see Fig. 2 ). The deflection of each segment is assumed to have two small bending angles and one torsion angle. The deflection of an individual segment is solved using beam theory and the Bernoulli-Euler law. Considering each segment as a flexible robot link with constant curvature, a homogeneous transformation relationship between the two ends is calculated by using the computed deflection and torsion angles. Using these, the homogeneous transformation between any two points on any two segments can be found. The force/torque equilibrium equations for each of the segments are then set up based on each segment's deflection angles.
The equilibrium equations for the Kth segment (K ∈ {1, . . . , N}) are
where the M K and F K (K ∈ {1, . . . , N}) represent the torque and force vectors acting on the Kth segment, vector ΔW K represents the weight of the segment, P K ,K +1 and Q K ,K +1 represent the end point and the center of the Kth segment in frame K coordinates, and, R K ,K +1 represents the rotation matrix between two ends on the Kth segment. The resulting deflection of each segment (K ∈ {1, . . . , N}) is given by
where X K represents the vector of deflection and torsion angles of the Kth segment, S K represents a matrix including the area moments of inertia and the area product of inertia of the Kth segment cross section, C K represents the stiffness matrix of the Kth segment considering the material properties (such as Young's modulus and shear modulus). The specific details of the deflection model are explained in [3] and [21] . The magnetic torque M N+1 from the electromagnetic coils embedded on the catheter tip is given by
where the vector B 0,1 represents the main (B 0 ) magnetic field of the MRI system relative to the base frame, 2 and the − − → μ N+1 represents the total magnetization vector of the catheter coils relative to frame N + 1, which can be expressed as
V j represents the number of turns in the coil j, A j is the area enclosed by each turn of the coil j, and i j is the current through the coil j. For simplicity, (3) can be transformed into
where
C. Jacobian
In the system, the differential kinematics (Jacobian) represents the relationship between the infinitely small changes of the catheter tip position and the coil currents
Since a closed-form expression for the catheter tip position P as a function of the coil currents i is not available, it is not possible to directly calculate (6). However, the Jacobian can be computed using the chain rule as
since the relationship between the changes in the deflection angles dX and the currents di is available in closed form. (1) and (5) can be rearranged into the following forms by representing the torque of each segment as a function of the coil currents i and the orientation angles X
As M N+1 is a function of i in (5) and M N is related to M N+1 , M N is also a function of i. Differentiating (8) with respect to i using the chain rule and rearranging it appropriately yields the following equation:
where the block matrices are
T and I 3×3 and 0 3×3 denote the 3-by-3 identity matrix and the 3-by-3 zero matrix, individually. In addition, A 2,2 can be further divided into the sum of two matrices G and H, where
As the block A 2,1 is a zero matrix,
As the orientation angles for each segment q are in the form [49] , [50] . Therefore, the tip position of the (N + 1)th segment in the base frame, which is the position of the catheter tip, can then be calculated as
where eξ i, i+1 s is the coordinate transformation between the ith and (i + 1)th segment [3] , [21] . Then,
can be explicitly calculated in a straightforward manner.
IV. INVERSE KINEMATICS
Inverse kinematics is frequently used in control of robotic manipulation. Here, the goal is to find the coil currents required to achieve a given catheter tip position. Closed-form solution of the inverse kinematics is not possible because of the complexity of the kinematics. Therefore, a Jacobian-based numerical method is implemented.
A. Jacobian-Based Method
There are several methods for solving inverse kinematics problems numerically. Jacobian-based methods are commonly used for numerically solving the inverse kinematics problem. The Jacobian (6) derived in the Section III-C relates incremental changes in the input currents to incremental changes in the tip position. Equation (6) can be rearranged to give dP = Jdi.
If the desired displacement (dP) is small, a linear approximation can be used to calculate the necessary change in coil currents (di) to achieve a given tip displacement using the inverse of the Jacobian. However, this typically would not be practical, since Jacobian may not be invertible or may be ill-conditioned. Therefore, the quality of the inverse kinematics depends on the representation of the inverse of the Jacobian. As it can be observed from the computation in Section III, the Jacobian of the catheter system is always singular. Greigarn and Cavusoglu [51] have analyzed the singularities in the joint and task spaces. Therefore, the damped least square method, which avoids this stability issue [22] - [24] , is appropriate to solve the inverse kinematics of the catheter system considered. Specifically,
where λ is a nonzero damping constant. Here, λ is 0.01. For simplifying the process, the singular decomposition method is used to calculate
and [24] .
B. Iterative Inverse Kinematics
As the Jacobian in (13) only relates small changes of the tip position to small changes of the current, directly using the Jacobian in the computation of the inverse kinematics will not lead to accurate results when the starting position of the tip is far away from the goal position.
The approach implemented in this paper is to linearly interpolate multiple points on the direct path which connects the starting position and the target (illustrated in Fig. 3 ). This would ensure that the position change between the starting position and the first interpolated point, which is closer to the starting position, is appropriately small. In this paper, we do not consider obstacles on the path, as designing advanced path planning algorithms is not within the scope of this paper.
In an example shown in Fig. 3 , the Jacobian-based method can be used to compute the currents which allow the catheter to achieve the 1st desired location from the start point. The first step of the motion is
where K is the predefined number of steps for the catheter to reach the neighborhood of the target. When this current is actually used for actuation, the actual tip location computed using forward kinematics will end up at a location in the neighborhood of the 1st desired location. Then, the linear interpolation approach can be implemented on the path that connects the 1st actual tip location and the target, for obtaining the 2nd desired location. Then, the second step of the motion can be calculated as figure) displays the side view of the actuated catheter. The catheter is marked in orange at three spots (base, coils, tip) for measuring the deflections of the catheter prototype using a camera.
The Jacobian-based method can then be used to calculate the currents again. This process can be iteratively repeated for a fixed resolution, or until a desired accuracy is achieved.
V. EXPERIMENTAL METHODS
The proposed inverse kinematics method for the MRIactuated catheter system was validated in hardware experiments. In these experiments, the prototype was driven in open-loop control fashion (without using any sensory feedback of catheter's position) to follow a series of trajectories by using control currents calculated using (14) . The resulting motion of the catheter was measured using an external camera and catadioptric stereo tracking, and was evaluated for accuracy and reproducibility. This section describes the experimental setup and the methods. The results are reported in Section VI.
A. Experimental Setup
The experiments were conducted in a 3T clinical scanner (Skyra, Siemens Medical Solutions, Erlangen, Germany), as shown in Fig. 4(a) . The front view of the experimental setup is shown in Fig. 4(b) . The catheter prototype is mounted vertically inside an aquarium tank (25.4 cm × 25.4 cm × 26.7 cm) and immersed in a phantom filled with distilled water doped with a gadolinium-based contrast agent. The aquarium tank is centered along the central axis of the MRI scanner, but offset from the isocenter to accommodate a mirror that displays the catheter in side perspective. The mirror is needed because a camera cannot capture the side motions of the catheter well from outside the MRI scanner bore.
The cables of the coils are connected to a transconductance amplifier controller, which stays outside the MRI room. The controller box sets the coil currents using a microcontroller that communicates with a PC through a USB serial link. In this paper, the coil currents are limited to 300 mA. 
B. Description of Catheter Prototype
The catheter prototype (see Fig. 5 ) is embedded with one current-carrying coil set, which includes one 100-turn axial coil and two 30-turn orthogonal side coils. The coils are made of heavy insulated 38-gauge enameled copper wires (Adapt Industries, LLC, Salisbury, MD, USA). They are built over silicone tubing (Part number: T2011, QOSINA, Edgewood, NY, USA). The outer diameter of the tubing is 3.2 mm and the inner diameter is 2.0 mm. The resulting length of the catheter is 101.4 mm. The outer diameter of the catheter prototype, including the coils, is around 3.8 mm. The width of the side coil is 5.1 mm. The length of the coil set is 19.1 mm. The mass of the whole catheter prototype is 1.2 g.
For measuring the deflections of the catheter prototype using a camera-based vision system, three spots on the catheter (base, coils, tip) are marked in orange as shown in Fig. 5 . The lengths of the labeled markers on the base and tip are 6.4 mm and 6.0 mm, respectively.
The catheter deflections were then measured using a catadioptric stereo system. Specifically, a single camera equipped with a zoom lens located outside the MRI scanner bore was used to capture a stereo image created using a mirror, which provided a supplemental side view to the front view directly visible to the camera [see Fig. 4(b) ]. The details of the catadioptric stereo system are available in [53] .
C. Estimation of Material Properties
Estimation of catheter deflection using the model presented in Section III-B requires the mechanical parameters of the catheter material. The tubing material used for manufacturing the catheter is silicone. However, the manufacturer only provided a relatively large range for the mechanical parameters, not their specific values. Therefore, the mechanical parameter values of the catheter material are estimated using experimental deflection data.
The mechanical properties of the silicon-based polymer material are summarized in [54] . The ranges of Young's modulus, density, and shear modulus are from 1 to 50 MPa, from 1100 to 2300 kg/m 3 , and from 0.3 to 20 MPa, respectively. The density of the tubing material was measured to be approximately 1120 kg/m 3 , as it is made of a homogeneous material. As the prototype carries three coils, and the wires for these coils pass through the inner lumen of the catheter to connect to the current source, all of these factors will affect the ultimate flexural rigidity of the catheter together with the material of the tubing. The model approximates the catheter prototype to have uniform flexural rigidity along the shaft. Given these observations and the large ranges of the Young's modulus and shear modulus provided (covering a 50x ∼ 70x range), it is necessary to experimentally estimate the values of the Young's modulus and the shear modulus.
D. Open-Loop Control Experiments
Four distinct trajectories (lemniscate, circle, rectangle, and butterfly) are used for evaluating the Jacobian-based inverse kinematics under the open-loop control. The reason for choosing these trajectories is that these shapes are similar to the circumferential and linear ablation lesions employed in atrial fibrillation ablation [2] . The trajectories of the catheter tip are obtained by projecting a 2-D geometry shape to the workspace to obtain a list of points on the workspace.
The current corresponding to each point on these trajectories is iteratively calculated using the proposed inverse kinematics method, as explained in Section IV. The calculated currents are applied to actuate the catheter in the experiments. Pause times are artificially introduced in between the trajectory steps in order to acquire multiple camera images at each step, which are averaged to reduce the noise in camera measurements. Experimental data were collected in multiple sessions, each type of trajectory data was collected in a single session.
VI. RESULTS
In this section, the results of the experiments conducted for estimating the Youngs modulus, the shear modulus, and the rotation angle of the side coils are presented. Then, the experimental performance of the open-loop control of the catheter using the presented method, including reproducibility and accuracy of performing different trajectories, is reported.
A. Results of Parameter Estimation
In the experiments for parameter estimation, the catheter was actuated by three series of currents. 4 Fig . 6 shows the observed 4 The current values (and the associated experimental data) used for parameter estimation were different from those used in the open-loop control.
trajectories of the catheter by actuating the axial coil for bending motion, one side coil for twisting motion, and the other orthogonal side coil for bending motion, respectively. The blue and black circle markers show the actual locations of the tip and coil on the catheter. The red stars denote the estimated deflection motions of the catheter from the model using the same currents.
These deflection motions were collected for estimating the Young's modulus, shear modulus, and the alignment angle of catheter. This angle misalignment is caused by an angular shift between the two orthogonal side coils on the catheter [see Fig. 5(b) ] and misalignment between the catheter and the direction of the magnetic field when catheter was mounted to tank [see Fig. 4(b) ]. The estimation was performed by minimizing the errors between the actual deflection and the deflection estimated using the model, including the tip deflection errors and the coil location errors. The estimated values of the Young's modulus, shear modulus, and rotation angle are 5.05 MPa, 1.87 MPa, and − 25.23 o , respectively.
B. Open-Loop Control Experiment Results
The deflection motions were recorded and tracked by the vision system. 5 Fig. 7 shows the vision-tracked positions of the labeled markers on the catheter (tip marker in blue, coil marker in green, and base marker in yellow), which performed the given trajectories represented in red. Each kind of trajectory was performed seven times during the experiments. There were 200 points along each trajectory. The error between each tip point and the corresponding point captured by the vision system was computed. Then, the root-mean-square (rms) of all these errors on each trajectory was used to quantify the quality of the open-loop control.
As the implemented control is open-loop (which does not use any feedback from measurement of catheter position) and the catheter body is compliant, errors between the given and observed trajectories are expected, shown in Fig. 7 . Therefore, shape reproducibility of the trajectories is a more relevant performance metric. However, the overall tracking accuracy of the given trajectories is also reported for completeness.
1) Evaluation of Trajectory Reproducibility:
The openloop trajectory reproducibility was quantified using two methods. In the first method, the shape of the experimentally measured trajectories of the catheter were compared with the shape of the desired motion trajectory. In the second method, one of the measured trajectories was randomly selected as a reference trajectory, and shapes of the other measured trajectories were compared to that reference trajectory. In both methods, the shapes of the trajectories were compared by ignoring position and orientation offsets. Specifically, the trajectories were allowed to be translated and rotated (but not scaled) until the rms error between them is minimized, and the residual rms error was used as the shape similarity measure. The resulting reproducibility error is not sensitive to offset (and some drift) types of errors that are inherent to open-loop control schemes, and can easily be eliminated with closed-loop control. The final results are reported in Figs. 8 and 9 and Table I . Fig. 8 shows the given desired trajectory (red diamonds) and all the observed trajectories (blue markers) after a rigidbody transformation alignments, corresponding to the first method described in the previous paragraph. Fig. 9 shows the shape comparison between the selected reference trajectory In Method 1, the shapes of the observed trajectories were compared to the shape of the given desired trajectory. In Method 2, one of the experimental trajectories were randomly selected as a reference trajectory, and the shapes of the other trajectories were compared to the shape of that reference. The means and variances were calculated from the rms errors. All units are in millimeter. (black circles) and all of the other observed trajectories (blue markers), corresponding to the second method. The residual rms errors between the reference and observed trajectories calculated by both methods are presented in Table I . The low mean and variance values for the rms errors indicate very good reproducibility of the trajectory shapes. In other words, the overall shape of the observed trajectory is similar to the corresponding trajectory pattern provided, even for complicated patterns, such as the butterfly pattern.
2) Evaluation of Accuracy:
The open-loop trajectory tracking accuracy of the catheter system is reported in Fig. 7 and Table II. The reported rms error values are in the 3-5 mm range. The smaller reproducibility values (1-4 mm range) reported in Section VI-B1 indicate that the trajectory tracking accuracy errors are, in part, due to offset and drift type of errors, and, in part, due to the mismatch of the trajectory shape with respect to the desired trajectory. These errors are typical for open-loop control (and are expected to be eliminated by proper closed-loop control).
VII. DISCUSSIONS
The computation time of the inverse kinematics is an important concern for clinical applicability of the methods. The computation of applying the Jacobian-based approach per step along the trajectory took approximately 95 ms on a computer equipped with Intel (R) Core (TM) i7-4720HQ CPU @ 2.60 GHz and 8.0 GB memory, running 64-bit Microsoft Windows 8.1 operating system. The algorithms were implemented in MATLAB(R) (R2014b) without parallel computing. Significant speedups of the computation time can be expected when all programs are written in C++. It is also possible to construct a lookup table for the workspace for fast online operation.
There are several other potential error sources, which may have contributed to the open-loop trajectory accuracy errors. Due to their soft and compliant design, continuum robots cannot reach accuracy levels as high as traditional rigid-link robots [30] . There were also small errors resulting from imperfect alignment of the catheter and MRI scanner frames, especially due to variability in mounting of the catheter to the attachment clamp. Although a rotation angle compensating for the shift of the side coils is estimated and used, an accurate alignment between the catheter and the MRI scanner coordinate frames would have improved the performance of the open-loop control of the catheter. Additionally, the workspace that the desired trajectories were computed from used a rest shape of the catheter, which was different from the rest configurations of the catheter in different experiments. The specific rest configuration of the catheter in each experiment was not used to update or modify the open-loop current values, since the image processing algorithms used for determining the rest configuration of the catheter were not fast enough for online use.
In future work, the MRI scanner will be used to provide the position of the coil on the catheter to the closed-loop controller for real-time image-guided control of the catheter position. The catheter described in this paper can be visualized by taking advantage of the artifact created around the coils mounted on the catheter when they are energized. Typically, the artifact would appear as a signal void (a dark region) surrounding the coils against the standard anatomical image. The detection may be enhanced by using a positive contrast technique in which the catheter instead appears as a bright signal in the image against a dark background [55] . It has been shown that rapid device detection can be achieved by using a projection method similar to that described by Flask et al. [56] , in which only a few lines of data are collected to yield projections of the signal in the image domain. Finally, the reconstruction process will be implemented in a framework such as the Gadgetron [57] , which utilizes GPUs to support real-time image reconstruction.
VIII. CONCLUSION
In this paper, a Jacobian-based inverse kinematics method for controlling an MRI-guided magnetically actuated steerable catheter is presented. The paper evaluated the reproducibility and accuracy of the open-loop control of the catheter system using this method in hardware experiments. The results demonstrated that the catheter performing four distinct geometric trajectories (lemniscate, circle, rectangle, and butterfly) has very high reproducibility and fair accuracy.
This method paves the way for effective and accurate control of the robotic catheter in a closed-loop control system with feedback information from real-time MRI guidance. The open-loop accuracy level makes it reasonable to expect that a closed-loop control system can achieve the desired 1 mm accuracy level. Closed-loop catheter control, modeling of catheter-surface contact, and heat management of the coils [47] are important challenges, which will be subjects of our future work. Currently, most surgical robotic systems (e.g., [5] , [45] , [46] ) are operated in open loop, relying on teleoperation of the operator using doctor-in-the-loop paradigm to steer the system relative to the anatomy. The presented Jacobian-based open-loop control scheme can also be used as part of such a doctor-in-the-loop teleoperation paradigm.
